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I. MEASUREMENT OF THE DENSITY
MATRIX IN THE WEDGE BASIS
We have previously defined the angular (ANG) states
as
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To approximate the ANG states, we define the wedge
states as
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Here, we have ⇥ = { N : 1 : N}, and sinc(x) =
sin(x)/x. It is easy to check that the wedge states de-
fined above possess the same mean angular positions as
the ANG states for ⇥ = ✓, and two wedge states with dif-
ferent values of ⇥ are orthogonal to each other. We use
capital Greek letters for denoting the wedge states, and
lower case Greek letter for the ANGs to avoid confusion.
The shift property of the ANG modes plays a crucial
property in our analysis. It is straightforward to show
that the wedge states |Wni satisfy this property as well.
Namely, we have
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Using the shift property and following the analysis we
previously developed, we find the projections of the den-
sity matrix in the wedge basis as
h⇥+|⇢ˆ|⇥ i = N(⇥,⌦)
2
[h ˆx(⇥,⌦)i+ ih ˆy(⇥,⌦)i] . (4)
Here, we have ⇥+ = ⇥+ ⌦ and ⇥+ = ⇥  ⌦.
A post-selection onto a wedge state can be performed
simply by passing a beam of light through an angular
slit. Thus, it is advantageous to use the wedge basis
in the experiment as an alternative to the ANG basis.
However, we need to find the projections of the density
matrix in the ANG basis in order to find the Wigner
⇤ mirhosse@optics.rochester.edu
distribution function. Thus, the question arise whether
the projection results in the wedge basis are su cient to
find the elements of density matrix in the ANG basis. We
show that this is in fact possible by providing a procedure
for achieving this basis conversion.
A straightforward basis conversion would be possible
if the ANG states could be written as a superposition of
the wedge states. Nevertheless, the wedge states reside
in a larger Hilbert space as compared to that of the ANG
states. This is evident from the OAM spectrum of the
wedge states, which spans ` =  1 to ` = +1. We
define a new set of states as
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We call these states as modified wedge (MW) states. It
is evident that in the OAM basis, a MW state is iden-
tical to its corresponding wedge with for the range of
OAM modes |`|  N . Unlike the wedge states, however,
the MW states do not have any components outside this
range. Because of this property, the MW states reside
in the same subspace of the Hilbert space as the ANG
modes and the OAM modes under consideration.
It is straightforward to show that the OAM states in
the range |`|  N can be written as a superposition of
the MW modes. To show that this expansion is indeed
possible, we evaluate the following expression
NX
⇥= N
exp
✓
2⇡i
d
⇥`
◆
|⇥i
=
p
2⇡
d
NX
⇥= N
NX
`0= N
sinc
✓
`0⇡
d
◆
exp

 2⇡i
d
⇥(`  `0)
 
|`0i
=
p
2⇡
d
NX
`0= N
sinc
✓
`0⇡
d
◆
|`0i
NX
⇥= N
exp

 2⇡i
d
⇥(`  `0)
 
=
p
2⇡
NX
`0= N
sinc
✓
`0⇡
d
◆
|`0i `,`0
=
p
2⇡ sinc
✓
`⇡
d
◆
|`i. (6)
2We now expand an OAM state as
|`i = 1p
2⇡
NX
⇥= N
( `⇡d )
sin ( `⇡d )
exp
✓
2⇡i
d
⇥`
◆
|⇥i, (7)
for |`|  N . Subsequently, an ANG mode can be ex-
panded in the MW basis
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Here, the expansion coe cients, C✓,⇥, are found as
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Having found an expansion for the ANG modes, we
can readily expands the elements of the density matrix
in the ANG basis in terms of the density matrix elements
in the MW basis
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Here, ✓+ = ✓+ ⌧ and ✓  = ✓  ⌧ . Since we have assumed
our state of interest, ⇢, resides in the space spanned by
|`|  N , a projection of the density matrix onto a pair
of wedge states provides identical results to a projection
onto a pair of MWs. Namely, we have
h⇥|⇢ˆ|⇥0i = h⇥|⇢ˆ|⇥0i, (11)
for all values of ⇥ and ⇥0. Using this result, we now
rewrite Eq. (11) in terms of the wedge basis projections
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Thus, we have provided a transformation to find the den-
sity matrix element in the ANG basis, h✓+|⇢ˆ|✓ i, from
our measurement results in the wedge basis h⇥|⇢ˆ|⇥0i.
The density matrix elements in the ANG basis can be
subsequently used to calculate the Wigner distribution
function using the relation
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II. ERROR ANALYSIS
In this section we analyze the sources of error in our
experiment. We group all the errors into the following
categories: errors in polarization preparation and mea-
surement, errors in generation of spatial modes, and er-
rors in realization of angular measurements and projec-
tions. We find that the majority of errors can be at-
tributed to imperfect generation of spatial modes, while
the imperfections in realization of angular rotations and
projections leads to only a slight reduction in fidelity of
characterized states. The e↵ects of errors in polarization
preparations and measurements is found to be negligible
on the fidelity of characterized states.
Polarization preparation and measurement
In the experiment, we use a polarizer for preparing the
polarization of the beam before its characterization. Ad-
ditionally, a polarizing beam splitter (PBS) is used in the
final part of the experiment for measuring polarizations.
The extinction ratio of the PBS and the polarizer are
found to exceed 1000. We prepare a diagonally polar-
ized state before injecting the beam into a Sagnac inter-
ferometer. The horizontal and vertical components are
separated to counter-propagating beams inside the inter-
ferometer and losslessly recombined in the output. We
adjust the quarter- and half-wave plates after the interfer-
ometer to compensate for any ellipticity that may occur
from separation and recombination of the two polariza-
tion components. To verify the polarization state of the
ancilla after the interferometer, we have made projections
on diagonal and antidiagonal polarization states. From
this measurement, we have found the ratio of beam’s in-
tensity in the bright (diagonal) port to the intensity in
the dark (antidiagonnal) port of the PBS to be approxi-
mately 200. The non-zero value of intensity in the dark
port is caused by variations between the spatial structure
of the horizontal and vertical components of the beam,
which are caused by a slight di↵erence in the path of
counter propagating beams within the interferometer.
We have mathematically modeled this e↵ect by adding
a noise field to one of the polarization components (hor-
izontal). The noise field is set to have an expectation
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FIG. 1. The histogram for the fidelity between the experimen-
tally characterized ` =  1 state and the ideal ` =  1 eigen-
state for di↵erent simulated values of of polarization noise.
The histogram is found through Monte Carlo simulation with
10000 trials.
3value of zero and a standard deviation equal to 1/200 of
the beam’s intensity, to agree with the measured contrast
of dark and bright ports. We have simulated the e↵ect
of this noise field on by modifying the angular elements
of density matrix found from experiment (⇢⇥,⇥0) followed
by maximum likelihood reconstruction of the density ma-
trix in the OAM basis, ⇢`,`0 . Figure II presents the his-
tograms of the fidelity values between one of the charac-
terized states (` =  1), and an ideal (` =  1) eigenstate
for each realization of the noise field. Repeating the sim-
ulation 10000 times, we have found the standard devia-
tion in the fidelity as  F ⇡ 0.001. The small value of
uncertainty found from this simulation suggests that the
contribution of polarization errors to the loss of fidelity
is negligible.
Generation of spatial modes
The generation of spatial states in our system is
achieved by shaping the phase and intensity of a laser
field that illuminates a spatial light modulator (SLM).
The imperfect alignment of the optical elements required
for state preparation adds optical aberrations to the pre-
pared states. The presence of such aberrations results in
reduction of the fidelity of the experimentally prepared
state. However, since the preparation of di↵erent states
is achieved by displaying digital holograms on the SLM,
the aberrations caused by misaligned optical elements re-
mains the same for all prepared states. Below, we show
that it is possible to account for the e↵ect of optical aber-
rations by means of characterizing the illumination beam.
Experimentally, we access the illumination beam by
setting the SLM to display tilt fringes with no topological
charge. For this configuration, we have found a state
characterized by the density matrix depicted in Fig. 2.
In a perfectly aligned setup, we expect the illumination
beam to be an (` = 0) eigenstate with a top-hat intensity
structure. In our experimental realization, we have found
the fidelity of illumination beam with an ` = 0 eigenstate
as
F(⇢illum., |`ih`|) =
q
h`|⇢illum.|`i = 0.899 ⇡ 0.9. (14)
The less-than-unity value of the fidelity verifies the pres-
ence of optical aberrations in the illumination beam.
We now consider the generation of a pure spatial state
by means of shaping the illumination beam. The gener-
ated optical field at each point in the image plane of the
SLM can be described as
 exp.(r,⇥) =  illum.(r,⇥)⇥  (⇥) (15)
Here,  illum.(r,⇥) denotes the optical field of the illumi-
nating laser beam and  (⇥) is the optical field of our de-
sired state. Note that the form above, we have assumed
that the desired optical field is a function of only the az-
imuthal coordinate (⇥), while the illumination beam is
FIG. 2. Elements of the density matrix for the illuminating
laser beam from the experiment.
allowed to have both radial and azimuthal variations.
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We now find the density matrix of the experimentally
prepared state in the azimuthal basis by tracing over the
radial degree of freedom
⇢exp.
⇥,⇥0 = Trr{h⇥| exp.ih exp.|⇥0i}
=  ⇤(⇥) (⇥0)Trr{| illum.ih illum.|}
= ⇢⇥,⇥0⇢
illum.
⇥,⇥0 . (17)
To find this relation, we have used ⇢⇥,⇥0 =  
⇤(⇥) (⇥0)
and ⇢illum.
⇥,⇥0 = Trr{
⌦
⇥| illum.↵ ⌦ illum.|⇥0↵}.
For a perfect generation, we would have ⇢illum. = 1
and thus ⇢exp. = ⇢. For an imperfect system, we can
account for the e↵ects of aberrations by deducing ⇢ from
the experimentally measured ⇢exp. and the results from
the characterization of the illumination field, ⇢illum.. This
is done in an element-by-element fashion in the azimuthal
basis as
⇢⇥,⇥0 = ⇢
exp.
⇥,⇥0/⇢
illum.
⇥,⇥0 . (18)
We apply this analysis to one of the states character-
ized in the experiment (` =  1 eigenstate). We first
evaluate the fidelity of this state with an ideal (` =  1)
eigenstate as
F(⇢exp., |`ih`|) =
p
h`|⇢exp.|`i = 0.908 ⇡ 0.91. (19)
4It is evident that the value of fidelity found in this case
is very close to the value of fidelity found for the illu-
mination beam (see Eq. 14). We next find the elements
of density matrix ⇢⇥,⇥0 from Eq. 17. We plot the OAM
probability marginal (that is the diagonal portion of the
density matrix in the OAM basis) for each of the states
in Fig. 3 to provide a visual comparison. The fidelity of
the state ⇢ reads
F(⇢, |`ih`|) =
p
h`|⇢|`i = 0.968 ⇡ 0.97. (20)
It is thus evident that correcting for the e↵ects of aberra-
tions in the illumination beam would increase the fidelity
of an (` =  1) eigenstate to 0.97. Applying the analysis
above to all the sates characterized in our experiment we
find that the fidelity would be increased from our mea-
sured value of hFi = 0.89 to a value of hFi = 0.96 if
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FIG. 3. Marginal OAM distribution for (` =  1) eigenstate
calculated for a) experimentally characterized state (⇢exp.⇥,⇥0)
and b) after accounting for imperfect illumination (⇢⇥,⇥0).
FIG. 4. Left panel: the intensity profile of a beam formed as
three non-zero angular wedges. The numbers on each section
denote the population. Right panel: the intensity profile for
the output of Sagnac interferometer with 2⇡/7 rotation be-
tween the two polarization components. The polarization of
each angular segment is marked on the figure.
one is able to remove aberrations for the experimental
setup. The substantial increase in fidelity confirms the
assumption that the majority of errors are caused in the
generation procedure.
Angular rotations and projections
A quantitative measure for the precision of angular
projections is the degree of cross-talk between two neigh-
boring angular wedge states. Figure 4 shows the inten-
sity profile of a beam shaped in form of three non-zero
angular wedges. The three non-zero angular segments
are shaped to have 1/3 of population while the inten-
sity of the intermediate portions are set to zero. For
this state, we have measured the cross-talk between two
neighboring angular wedges as 1.9%. Although non-zero,
this value is substantially smaller than the cross-talk be-
tween neighboring OAM modes in the output of a mode
sorter (7   23%) [1, 2]. The full density matrix for this
state is shown in Fig. 5.
In the previous part we established that accounting
for the e↵ects of aberrations increases the fidelity to an
average value of hFi = 0.96 for the states considered in
our experiment. Based on this observation, we conclude
that any imperfections in realizing angular rotations and
projections typically leads to a penalty of about 0.04 in
the fidelity of the characterized state.
In addition to measuring the cross-talk between neigh-
boring angular segments, we have used the mixed and
pure combinations of angular wedges as a gauge for set-
ting the rotation angle of the Dove prism. Figure 4 shows
the intensity profile at the output of the Sagnac inter-
ferometer in the case when we get a rotation of 2⇡/7
radians between the two polarization components of the
beam. Note that a rotation of ↵ of a Dove prism, re-
sults in a rotation of ±2↵ for the counter propagating
beams that go through it. For the configuration used in
our experiment, this results in a rotation of 4↵ between
the two polarization components. The mechanical preci-
sion of the rotary mount used for the Dove prism in our
experiment allows for measurement of rotation angles as
small as 1 . This precision limits the maximum number
of angular modes, and subsequently the number of OAM
modes, to N = 360/4 = 90.
III. ADDITIONAL LABORATORY RESULTS
Below, we present experimental results for the char-
acterization of a number of states. Figures 1 through
4 present additional laboratory results. Fig 1 shows re-
sults for characterization of a coherent superposition and
a mixture of wedges. Figure 2 shows results for charac-
terization of OAM eigenstates. Figure 3 shows results
for characterization of a coherent superposition and a
mixture of OAM eigenstates, and Figure 4 shows results
for characterization of a coherent superposition of OAM
eigenstates imposed on the transverse structure of single
photons.
5FIG. 5. Characterization of a coherent superposition and a mixture of wedges. Top panel: Elements of the density
matrix for a coherent superposition of three wedges (| i = |⇥1i+ |⇥3i+ |⇥5i). Bottom panel: Elements of the density matrix
for an incoherent mixture of the same wedge states.
FIG. 6. Characterization of OAM eigenstates. Top panel: Elements of the density matrix for ` = 0. Middle panel:
Elements of the density matrix for ` =  1. Bottom panel: Elements of the density matrix for ` =  2.
6FIG. 7. Characterization of a coherent superposition and a mixture of OAM eigenstates. Top panel: Elements of
the density matrix for a coherent superposition of two OAM states (| i = |`i + |   `i, where ` = 1). Middle panel: Elements
of the density matrix for an incoherent mixture of two OAM states (⇢ = |`ih`| + |   `ih `|, where ` = 1). Bottom panel:
Characterization of a coherent superposition of OAM eigenstates (state is the same as the top panel) imposed on the transverse
structure of single photons.
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